Mathematical models are presented for the cultivation of seaweed. These relate to a mathematics-in-industry project to grow seaweed crops to consume by-products from commercial ethanol production. An initial model illustrates the process. Then, the potential is demonstrated with a more detailed feasibility study and a simple financial model. The growth of seaweed with time is described using various models utilising differential equations. These include factors such as solar radiation and the nitrogen content of the seaweed.
Introduction
Venus Shell Systems produces high quality seaweed that is suitable for various food and medical purposes. The seaweed is grown in land-based tanks. During its growth the seaweed needs to be supplied with various nutrients and sunlight. The 2014 misg project considered how these nutritional requirements might be met by growing the seaweed on site at the Manildra Biorefinery, New South Wales, using waste byproducts (retentate) from large-scale ethanol distillation. When required, additional nutrients are provided from other sources. Seaweed production would meanwhile allow safe and efficient disposal of the retentate removing this constraint to expansion of the ethanol distillery. Figure 1 has been produced by the industry representative and illustrates a M4 Carbon dioxide, produced by ethanol production, is bubbled into the tanks. Calculations indicate that the supply of carbon dioxide may be considered limitless for the present levels of production. The carbon dioxide concentration within the tanks is monitored using pH levels and kept at an optimal value. The introduction of carbon dioxide bubbles also has the effect of continuously mixing the contents of the seaweed-growing tanks removing variation with depth. Regular harvest of seaweed also maintains the optimal growing density: there should be sufficient seaweed to utilise the inputs without producing too much shading of the lower tank. Temperature and light vary significantly between summer and winter impacting on seaweed growth rates.
A variety of aspects of the proposal have been considered in separate investigations within this paper. A direct matching has been made between the current or potential retentate supply and seaweed production. From this a financial model has been built. The differences between growing rates in summer and winter are considered as are the potential effect of cloudy days. Differential equations are used for various models to consider variation in the seaweed production with time.
A simple first model
We begin with a relatively simple model for initial illustration. This relates the consumption of nitrogen coming from the retentate stream with the production of seaweed. Key assumptions based on information provided by Venus Shell Systems are:
• The retentate stream of nitrogen supplied 11, 000 kg per day or 77, 000 kg per week.
• The growth of seaweed biomass is quantified on a weekly basis and depends on seasonal effects. In particular, 1 kg of wet seaweed biomass grows weekly to 2 kg in winter and to 3 kg in summer.
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• The nitrogen content is a constant proportion of the seaweed dry weight, approximately 5%. Because 80% of wet seaweed is water, the nitrogen content is 1% of the seaweed wet weight.
We assume that the seaweed is grown in ideal conditions and the supply of nutrients including carbon is kept constant over time. Moreover, tanks are continually mixed so that the entire biomass is exposed to the same amount of light and we may neglect the effects of depth within the tanks. Finally, the biomass is automatically harvested so that the quantity of seaweed in the tanks is kept at 1 kg m −3 , the value leading to maximum productivity.
The time independence of most of the processes enables us to develop a simple relationship in terms of the weekly production rate. Let N be the nitrogen consumed (or required) per week and S be the total wet seaweed biomass retained in the tanks. Based on the information provided by Venus Shell Systems, we define the weekly production rate Q (which depends on the season) so that 1 kg of wet seaweed produces (1 + Q) kg of wet seaweed per week. Therefore the total seaweed production per week is S × Q. This quantity also corresponds to the amount of seaweed harvested per week to maintain optimal productivity. Recalling that the nitrogen content in wet seaweed is 1% of the biomass weight, the total nitrogen consumption per week is 1% of S × Q. Hence,
For a particular season, that is given a particular value of Q, equation (1) is used to obtain the total amount of seaweed that has to be retained by the tanks in order to consume the constant supply of nitrogen (N 0 = 77, 000 kg per week). For example, in winter (when Q = 1)
Knowing the size of each tank, we estimate the number of tanks required to hold the seaweed and keep production at its optimum. In particular, 1 kg of wet seaweed occupies 1 m 3 of water and each tank is 9 m long, 1.2 m wide and 0.6 m deep, resulting in a capacity of 6.48 m 3 . Hence, the quantity of seaweed given in equation (2) requires approximately 1.19 million tanks. In summer, because of the higher production rate (Q = 2), we only need 38.5 × 10 5 kg wet seaweed to process the same amount of nitrogen. Depending on the strategy adopted by Venus Shell systems, halving the total amount of seaweed during summer might result in only half of the tanks being used or all the tanks being filled to half capacity. Alternatively, the company could decide to use all the tanks to full capacity and maximize seaweed production throughout the year by adding extra nitrogen to the existing constant retentate supply when the growth is more rapid. Figure 4 illustrates an example of augmented supply, in agreement with the production rate profile given in Figure 2. 3 Feasibility study and a simple financial model
The misg team worked with two sets of retentate data. One was the current output at Manildra (Scenario A) and the other was a potential new retentate stream that would follow extended production at the refinery (Scenario B). These outputs were matched with the input demands of the seaweed production unit. The primary aim was to consume all of the nitrogen supplied. The secondary aim was to utilise as far as possible other trace elements present in M8 the retentate. Building off this model the financial aspects of the project were considered. The spreadsheet program excel was used for this task. Table 1 shows constituent outputs (trace elements or compounds) of the existing and extended production at the refinery. The new extended production uses new techniques and hence there is a different balance of retentate constituents. Calculations were made of trace element take-up on a per hectare basis with determination of surplus and deficient trace elements in the retentate. There was some consideration of season, seaweed type and the utilisation of seawater as an additional source of water and nutrients.
The investigations concluded that in Scenario A the nitrogen in the retentate could be completely consumed with less than a tenth of the land mass currently required for pasture dispersal with beef production. All trace elements could be consumed using a fraction of the present land use. As observed in Section 2, the higher summer yield could be used for increased production. In Scenario B, the land used to consume all the nitrogen greatly exceeded that required under Scenario A, although this land is apparently available. Additional trace M9 elements must be added for this case.
As well as needing the consumption of the Manildra waste products to be feasible, the project needs to be financially viable. It needs to be profitable for Venus Shell Systems to produce the seaweed, and also worthwhile for the Manildra biorefinery to work with Venus Shell Systems rather than dispose of the waste products on cattle pasture. To evaluate seaweed production from the Manildra waste products, an economic model was assembled that assigns cost to each action to be taken in the process, whether that be adding nutrients where deficient or 'scrubbing' unwanted elements from the waste water. The model is most detailed in the areas of actual seaweed production. However, it includes high level estimates of operational costs and benefits of the exercise to the Manildra biorefinery. One of the key drivers of feasibility is that we are expecting to obtain land and most nutrients at zero cost, therefore the primary cost to the business would be the installation of the tanks, pipes and control systems required to grow the seaweed.
Initial efforts were focused on a single species of seaweed and using only the Manildra retentate flow. However, there was some consideration of possible extensions to include different seaweed types and the addition of seawater.
Modelling using approximate costs, land use ratios, growth rates, et cetera, indicated that the venture is theoretically feasible. Nevertheless, there are scaling challenges moving from Scenario A to Scenario B. If the plant is built at the scale required to accept all of the waste under Scenario B (thus enabling the upgraded ethanol producing process), then the land use and capital requirements are enormous, and despite on-paper profitability, the assumptions of finance available and supply chain efficiency may break down. However, the industry representative noted at the meeting that the potential for consumption of high-grade seaweed products was also huge. For example, factories are being built to produce food for fish farming that require inputs at an even larger scale. If the seaweed production facility is built at a smaller scale, then the benefit is less clear.
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Simple financial model
The structure of a simple financial model is now presented. If, taking into account all costs, the gross margin on each kilogram of seaweed produced is positive, then the venture is theoretically feasible. While the economic model itself features minimal complexity, it relies heavily on inputs from other models, including proportions from biological growth models, and cost of supplying or mitigating nutrients.
Once the take-up rates of elements by the seaweed and the chemical content of the retentate is known, a simple high-level financial model will be specified. It should be stressed that the model below is simplistic and relies heavily on certain assumptions. It considers most variables as a static average over a period of time and does not consider more complex factors such as flow and growth rates. The model contains a simple seasonality factor but does not consider long term climatic variations.
The gross margin, in Australian dollars, for every kilogram of seaweed produced is
where: where $ are Australian dollars throughout, and T is derived using a standard amortising calculation over the expected life of the tanks:
where:
T c = Cost of tank purchase, fitout and installation, in $/hectare; L p = Proportion of land area that is covered by tanks (dimensionless, e.g. 0.6); I = Interest rate with annualised compounding, as a decimal; N = Expected life of tanks, in years.
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The nutrient take-up rate
W i = Dry-weight proportion of nutrient i in the seaweed;
G q = Growth rate of seaweed in season q, in kg of dry weight per hectare per annum;
The nutrient available in the retentate
F i = Mass of nutrient in retentate flow, in kg per day.
If the aim is to consume all nitrogen produced by Manildra, then the required land area
G winter = Growth rate of seaweed in the winter season (slowest growing), in kg of dry weight per hectare, per annum;
W N = Dry-weight proportion of nitrogen in the seaweed.
Modelling features of the equations above include that:
• We assume that the following variables are constant throughout the year:
-Flow rate of retentate from Manildra;
-Market price of seaweed produced;
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-Take-up rates of nutrients per unit of dry weight seaweed produced;
-Proportions of nutrients in the retentate;
-Cost of adding nutrients to the water;
-Cost of scrubbing nutrients from the water;
• Meanwhile, we assume that the following are seasonal:
-Growth rate of seaweed;
-Water evaporation.
The time scale is based on a 'season', which is simply a period over which a distinct growth rate is specified. Typically we would expect this to be quarterly, with growth rates specified over summer, winter, spring and autumn. However, we could also move to monthly seasonality (for example, if we wanted to use monthly-specified solar irradiation data). Depending on the deficit or accumulation of individual nutrients in the retentate flow, we will be required to either add nutrients to or remove nutrients from the water at a cost of n A i or n R i , respectively. We assume that there is a known cost for removal of any nutrient, for example by adding a downstream scrubbing tank. If we expect the nutrient to completely evaporate (for example a small amount of chlorine), then this removal cost may be considered to be zero. Water is treated in the same way as the nutrients, therefore if water needs to be added, then we simply need to include the cost as n
+ , therefore if it is demonstrated that the annual benefit to the Manildra biorefinery, B, exceeds the opportunity cost of the land (for example cattle adjustment), then we are counting on using the land at no cost. By assigning a price to each 'balancing' step (that is to maintain nutrient equilibrium in the tanks), the outcome may be readily reevaluated with adjustments to changing nutrient sources or mitigation techniques, or to comply with regulatory requirements. For instance, if we cannot release any zinc into the environment, then its mitigation cost is set prohibitively high. 
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Example Results
The model presented above was run for the two scenarios:
• Current output at Manildra (Scenario A); and
• Potential new retentate stream (Scenario B). Table 2 presents the results for a single calendar quarter in either Summer or Winter. Spring and Autumn growth rates were not tested. In Scenario A, only 2.5 ha is required for consuming the retentate. However, for this model, land use is set to 100 ha with the assumption that Venus Shell Systems purchase additional nutrients. In contrast, for Scenario B, the land use is set to the land required to use all of the carbon and nitrogen in the retentate.
While the return on investment looks extremely favourable in these examples, the results are of course very much dependent on the model assumptions supplied to us by Venus Shell Systems. Table 3 lists these assumptions. For example, the assumption of a $5/kg margin on every kg of seaweed sold (sale price minus drying, packaging etc.) will vary in real life according to the scale of the operation (as will the assumption that all seaweed produced is immediately sold). 
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Solar Radiation Resource Assessment
The input solar energy is a significant contributor to the growth of the seaweed, so a potential concern is the effect of a sustained period of cloudy days. This could lead to a lack of sufficient energy input to maintain growth rates at the level that is required to continue throughput of the nutrients and carbon dioxide produced at Manildra. Here we conduct a preliminary assessment of the solar resource and give an indication how the issue may be approached.
Daily total solar radiation values are available from the Australian Bureau of Meteorology where there is also a precise definition of this measure. 1  10  19  28  37  46  55  64  73  82  91  100  109  118  127  136  145  154  163  172  181  190  199  208  217  226  235  244  253  262  271  280  289  298  307  316  325  334  343  352 The key question is: What is the frequency of cloudy days? Too many cloudy days in a row might impede the Venus Shell Systems processing system to the extent that waste from Manildra will have to be stored or worse dumped.
To answer this question, we define what we will consider to be a cloudy day. To do that, we examine the total daily solar radiation for a Bureau of Meteorology site close to the project site, Milton NSW, and, for comparison, Adelaide SA, since the latter site is in a completely different climate zone, see 1  10  19  28  37  46  55  64  73  82  91  100  109  118  127  136  145  154  163  172  181  190  199  208  217  226  235  244  253  262  271  280  289  298  307  316  325  334  343 352 361
Data Fourier Model
denoting the Fourier series model for all the data (1990-2013).
The differences between the two figures tell a lot about the climate of the two locations. Adelaide has a greater probability both of sunny days and also sequences of them. Milton exhibits more variable conditions day to day. We thus define a cloudy day at Milton as one where the total solar radiation is below the long-term average for that day. From this determination we proceed to estimate the probabilities of sequences of cloudy days, as given in Table 4 . This information will aid the planners decide what level of use of the upstream Manildra outputs they can accept and at what level of risk. The probabilities given are for that exact number of cloudy days in succession with a non-cloudy day on either side. 
M18
Modelling seaweed growth over time
The following subsections model seaweed growth using ordinary differential equations considering production as a function of time. As indicated in the earlier sections, some modelling approaches deal with the bulk growth of seaweed by season or year; however, some effects take place over a smaller time scale. The further refinement of considering position within the tanks and using partial differential equations is not justified as the tanks are wellmixed. Several versions of the models were explored by the misg team with the assistance of matlab routines. The models are still at a preliminary stage. Further work is needed to refine and possibly coalesce them and to find appropriate constants.
A simple water, carbon and nitrogen compartment model
In this subsection a model is constructed that considers the changes in time of water, carbon and nitrogen in the system. These are crucial quantities for seaweed production and consumption of retentate. A simple time-dependent mass balance approach is used with first approximation to the form of terms. This will permit 1. identification of term-by-term issues leading to more realistic terms, 2. comparison of steady state solutions with current operating data to determine model parameters,
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3. future analysis of time-dependent features.
The equations relate to a single seaweed-production tank but readily scale to an array of tanks. The model has not been fully implemented.
Seaweed The basic compartment model assumes that the seaweed mass s [kg] is composed of portions relating to carbon c s , nitrogen n s , and water w s .
Some seaweed products are required to be nitrogen rich and the proportion n s /s is a key qualitative measure for the seaweed.
Water Starting with a total tank with surface area sa m 2 and volume V = 0.6 × sa m 3 , we represent the mass of water w(t) in the tank over time t [days] as
with parameters k 1 [m 3 /day] representing the retentate inflow from the Manildra refinery, k 2 rainfall, and k 3 evaporation [m/day], as given by the Bureau of Meteorology for the region, whereas k 4 is a correction to the evaporation rate to take into account local variation and/or the impact of aeration, and k 5 is the harvesting rate [/day]. The constant ρ represents the density of water (retentate is assumed the same as fresh and salt water). The top-up rate, k 6 , is determined by ensuring that the tank's water level is maintained and hence the time derivative (dw/dt) is zero. The rainfall and evaporation parameters are time dependent when necessary to account for seasonal or daily variations.
Carbon Simplistically, we can think of the growth of seaweed as being a conversion of carbon in the water, c w (t), into carbon in the seaweed, c s (t).
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In this model the only source of carbon considered is CO 2 injected into the water k 7 (·) [kg/day] where (·) denotes the unspecified dependency on such factors as the pH of the water.
The growth function G(·) with scaling parameter k 8 governs the growth. As an initial form, G(·) is chosen as
This reflects the impact of nitrogen in the water n w on driving the growth rate, and the requirement for carbon in the water for growth. The parameter λ represents the degree of solar irradiation and at this initial stage is considered constant. The component 1/(ε + s) captures the effect of shading by seaweed.
Nitrogen Simplistically, the growth of seaweed is proportional to the available nitrogen in the water n w . However, nitrogen is also converted into stored nitrogen in the seaweed, and the amount stored per kilogram of seaweed varies with nitrogen supply. Notably, under conditions of starvation, when n w = 0 , approximately, stored nitrogen will be released and used to support growth. In the model, this is treated as a release of nitrogen into the water (n w ) and consumption by the seaweed from there. We introduce further parameters k 10 , k 11 , k 12 , k 13 , σ 1 and σ 2 . The nitrogen in the water satisfies
In order, the terms on the right-hand side of equation (13) represent nitrogen supply, nitrogen consumption for growth, release of stored nitrogen, and sequestration as stored nitrogen. The latter two terms have "Michaelis-Menten" M21 form, so that the release of stored nitrogen, as well as being proportional to stored nitrogen in the seaweed, is limited by high levels of nitrogen in the water, and similarly the sequestration of stored nitrogen in the seaweed, although proportional to the nitrogen content of the water, is limited by high levels of nitrogen already stored in the seaweed. Meanwhile, the nitrogen in the seaweed satisfies
In order, these terms represent conversion to dissolved nitrogen, sequestering as stored nitrogen, and harvesting.
Within this model there is an underlying assumption that when carbon moves from the water to the seaweed, that the decrease in mass c w equals the increase in mass of c s . If the carbon masses are defined to include other elements in carbon compounds, or if other proportionate effects are included, then the parameter value k 8 in equation (11) is replaced by a scaled parameter k 9 . To allow for similar effects for nitrogen, k 12 and k 13 in equation (14) are replaced with scaled parameters k 14 and k 15 .
Further models
Ren et al. [1] provides an ordinary differential equation for a seaweed ecosystem model. This and related work, such as the paper by Ren et al. [2] , are a potential source of parameters for the models to complement those parameters known by Venus Shell Systems or available from the Bureau of Meteorology.
One feature of the model is a separate treatment of nitrate and ammonium forms of the nitrogen in the water. A reduced form of the ecosystem model was explored, considering just seaweed population and the associated nitrogen using both nitrate and ammonium forms. Further to this model, other models were constructed using Michaelis-Menten kinetics for the carbon and nitrogen components. In contrast to subsection 5.1, this subsection uses concentrations rather than total masses. As with many investigations, it is not always clear M22 rate of uptake of nitrogen into the seaweed from the water k 3 respiration rate (taking carbon dioxide in the seaweed out of the system) k 4 photosynthesis rate V t total volume of the tank (V w + V s ) ρ density of seaweed (mass seaweed per volume of seaweed) ε half saturation constant C total amount of non-carbon dioxide carbon in the seaweed which unit is preferable and there are advantages and disadvantages with both approaches.
For the results presented here the effect of harvesting is not included. One group did explore the effect of different constant harvesting rates. However, in practice the harvesting rates will be adjusted to maintain an optimal amount of seaweed for growth. In the following we present one of the models which was used to illustrate the effect of different growth rates that are obtained as light varies during the passage of day and night. This effect is denoted sun factor. Table 5 gives other notation. To model the carbon in water and
and to likewise model the nitrogen in water and seaweed
In equations (15) and (18), the first term on the right-hand side is from the retentate influx. Finally the biovolume of the seaweed is
Assuming that the carbon levels in the water are measured continuously and that the input is adjusted to maintain the carbon content at a constant level, C is assumed constant and equation (15) is removed from our model. Taking nitrogen levels to be similarly constant, which may be unrealistic as it is the flux inwards which we expect to be steady, and adding a half saturation constant and a control on the carbon dioxide concentration (to prevent it from reaching zero), the equations reduce to
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Figures 7, 8 and 9 illustrate the growth of seaweed in the model for two forms of sun factor. The minimum sun factor has been chosen to be larger than zero. During photosynthesis (in daylight conditions) plants store a certain amount of energy as starch. During the night cycle, this starch is converted to sugar to continue the plant's growth in the absence of ambient light [3] . Geiger and Servaites [4] and Scialdone et al. [5] present more detailed modelling of this process. However, the present focus is to investigate the effect of changing sun levels. When averaged over the longer term (several days), using the more complicated, but maybe more realistic, tanh function (top frame of Figure 9 ) will not differ greatly to using the simpler sin function (Figures 7 and 8 ).
Conclusion
We considered the problem of growing seaweed using biorefinery retentate. Various models were constructed. A preliminary study of expected values of bulk inputs and outputs in the proposal appear well matched and suggest viability. In practice, there will be variability with time whether due to daily, seasonal or weather-driven fluctuations. The ordinary differential equation models presented here give an indication of how to consider these factors and possible effects.
Further opportunities are offered by the scope for growing a variety of strains of seaweed to produce a range of products for different market needs. Growth features and nutritional requirements vary with species and strain of seaweed. Varying production also improves the scope to more exactly match retentate production. Overall the project seems rather promising and exciting. : Hyperbolic tangent form of sun factor (sunlight function) and a corresponding seaweed mass for a single day running from midnight to midnight.
